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Abstract
We consider a compact twistor space P and assume that there is a surface S ⊂ P, which has
degree one on twistor fibres and contains a twistor fibre F, e.g. P a LeBrun twistor space
([20],[18]). Similar to [6] and [5] we examine the restriction of an instanton bundle V equipped
with a fixed trivialisation along F to a framed vector bundle over (S,F). First we develope
inspired by [13] a suitable deformation theory for vector bundles over an analytic space framed
by a vector bundle over a subspace of arbitrary codimension. In the second section we describe
the restriction as a smooth natural transformation into a fine moduli space. By considering
framed U(r)−instanton bundles as a real structure on framed instanton bundles over P, we
show that the bijection between isomorphism classes of framed U(r)−instanton bundles and
isomorphism classes of framed vector bundles over (S,F) due to [5] is actually an isomorphism
of moduli spaces.
0 Introduction
We consider the twistor fibration π : P → M over a real four-dimensional compact manifold M
with self-dual Riemannian metric. P is a three-dimensional complex manifold with an induced
antiholomorphic fixpoint free involution τ , an antipodal map on the twistor fibers (cf. [3], [4], [7]).
A line on P is a complex submanifold L ⊂ P with L ∼= IP1CI and normal bundle NL|P
∼= OIP1(1)
⊕2. In
particular, twistor fibres are lines. We denote with µ : Z→ H the universal Douady-family of lines
in P. The involution τ maps lines to lines and consequently induces an antiholomorphic involution
on H. Then M appears as a set of fixpoints of τ and moreover as a real-analytic submanifold of H
(cf. [3], [19]):
H× P
∪
P = Z×HM −→ Z
ν
−→ Pypi yµ
M ⊂ H
Let S ⊂ P be a surface intersecting twistor fibres with multiplicity 1 and containing a twistor
fibre F. By [18], Prop.2.1, S is a smooth algebraic surface and F the only twistor fibre in S. With
1
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S¯ = τ (S) we have F = S · S¯. The linear system |F| defines a birational morphism S → IP2CI and
we have M ≈
n
#
(
−IP2CI
)
or S4. A well examined class of examples are the LeBrun twistor spaces,
which fulfill the additional property dim|S| ≥ 1, cf. [20], [18]. These twistor spaces are classified
as modifications of conic bundles and are algebraic in the sense of M. Artin [16].
A (mathematical) instanton bundle is an holomorphic vector bundle on P trivial on all twistor
fibres. The Penrose-Ward transformation gives us an analytic equivalence between the categories
of instanton bundles and of pairs (E,∇) of complex vector bundles on M with self-dual connection.
The pair (E,∇) is associated to the C∞-bundle π∗E together with the holomorphic structure
defined by ∂¯ = (π∗∇)01. Conversely, an instanton bundle V gives rise to a pair (E,∇) by taking
E = (µ∗ν
∗V)
∣∣
M
and ∇ as restriction of
µ∗
(
OZ ⊗ν−1OP ν
−1V
) µ∗(dZ|P⊗idν−1V)
−−−−−−−−−−−−−−−−→ µ∗(Ω1Z|P ⊗OZ ν
∗V)y∇ y ∼=
Ω1H ⊗OH µ∗ν
∗V
∼=
−−−−−−−−−−−−−−−−→ µ∗Ω1Z|P ⊗OH µ∗ν
∗V
(cf. [3], [19]).
For G a linear group as for example U(r), SU(r), Sp(r) or SO(r), a G-instanton on M is given by
a complex G-vector bundle E with self-dual connection ∇ compatible with the G-structure on E.
The Penrose-Ward transformation associates a G-instanton to an instanton bundle with additional
properties. In particular, the category of U(r)-instantons is analytically equivalent to the category
of instanton bundles V on P, for which there is an isomorphism ϕ : V∼=τ∗V¯∨ with τ∗ϕ¯∨ = ϕ, where
V¯∨ denotes the bundle of antilinear forms. We denote these instanton bundles as U(r)-instanton
bundles or as physical instanton bundles (cf. [3], [4], [19]).
For an instanton bundle V on P we can fix a trivialisation α : V|F ∼= O
r
F along our twistor
fibre F = S · S¯. The resulting pair (V, α) is called a framed instanton bundle. The frame lives
in codimension 2. By restricting V to S we obtain a framed vector bundle on a smooth rational
surface, framed along a divisor that is big and nef. For this case the moduli problem is well
examined by Lehn and Huybrechts in the algebraic-projective case ([21], [13]) and by Lu¨bke [22]
from the analytic point of view. It was an idea of Donaldson [6] to use this restriction map to
discuss moduli of framed instantons. By the results of Buchdahl [5] it follows, that there is a
bijection between the isomorphism classes of framed U(r)-instantons and framed vector bundles
on S.
In the first section this paper we develop the deformation theory for framed vector bundles on
analytic spaces, where the frame has support of arbitrary codimension. I.e. we answer questions
like: what is the tangent space and when is the deformation functor formally smooth. Everything
in this section can be done in the same way and with the same results for seperated algebraic
spaces of finite type over some field of characteristic zero.
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In the second section we apply these results to framed instanton bundles and describe the
mentioned restriction map infinitisimally. By describing the functor of framed U(r)-instanton
bundles as a real structure on the functor of framed mathematical instanton bundles, we show a
real-analytic isomorphism between the moduli of framed U(r)-instanton bundles and the moduli
of framed vector bundles on S.
This paper is based on my Diplomarbeit, which was produced in March 1994 under the super-
vision of Herbert Kurke in Berlin.
1 Deformations of framed vector bundles
1.1 Families and deformations of framed vector bundles
The following notation is fixed through the whole section. Let X0 be an analytic space, Y0
a closed subspace with associated ideal sheaf JY|X and W0 a fixed locally free sheaf of mo-
dules over Y0 as in [9]. Then a framed vector bundle to the data (X0,Y0,W0) consists of a
pair (E0, α0) with E0 a locally free module sheaf over X0 and α0 : E0|Y0 →W0 a framing iso-
morphism. A morphism f between two framed vector bundles (E0, α0) and (E
′
0, α
′
0) is a sheaf
morphism f : E0 → E′0 with α
′
0 ◦ (f|Y0 ) = α0. For an analytic space S a family of framed vector
bundles for the given data (X0,Y0,W0) parametrized by S is a framed vector bundle (E, α) for the
data (S×X0, S×Y0, p∗W0), where p : S×Y0 → Y0 is the projection.
We fix a framed vector bundle (E0, α0). A deformation of (E0, α0) over a germ of an analytic
space (S, s0) is represented by a triple (E, α, ψ), where (E, α) is a family of framed vector bundles
over S and ψ is an isomorphism from E|{s0}×X0 to E0, such that the diagram
E|{s0}×Y0
∼=−−−−→
ψ
E0|Y0
∼=
yα ∼=yα0
W0
=−−−−→ W0
commutes. Here, the pointed space (S, s0) is any representative of our germ. If η : (T, t0)→ (S, s0)
is a local analytic isomorphism, then ((η × idX0)
∗E, (η × idX0)
∗α, (η × idX0)
∗ψ) represents the same
deformation.
Two deformations (E, α, ψ) and (E′, α′, ψ′) of (E0, α0) over the same germ can be realized as
families over the same pointed analytic space (S, s0). Then a morphism f : (E, α, ψ)→(E′, α′, ψ′)
is represented by a local analytic isomorphism η : (T, t0)→ (S, s0) and a morphism
f : ((η × idX0)
∗E, (η × idX0)
∗α)→ ((η × idX0)
∗E′, (η × idX0)
∗α′)
of framed vector bundles with (η × idX0)
∗ψ′ ◦ (f|s0×X0) = (η × idX0)
∗ψ.
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We denote with M (X0,Y0,W0) the functor (analytic spaces) −→ (sets) defined by
S −→


isomorphism classes of families of
framed vector bundles to the data
(X0,Y0,W0) parametrized by S


and with Def (E0, α0) the functor (germs of analytic spaces) −→ (sets)
defined by
(S, s0) −→
{
isomorphism classes of deformations
of (E0, α0) over (S, s0)
}
.
For a local ring (R,m) we write often Def (E0, α0) (R) instead of Def (E0, α0) (SpecR,m). We note
that in the case dim(S, s0) = 0 the germ represented by (S, s0) coincides with the isomorphism
class of this pointed space.
1.2 Deformation-theoretical tangent spaces
Let CI [ε] be the CI -algebra CI [X]/(X2) with ε = X modX2. According to Schlessinger [24] or
M. Artin ([1], [2]) we define Def(E0, α0)(CI [ε]) to be the deformation-theoretical tangent space of
M(X0,Y0,W0) at the point (E0, α0) ∈ M(X0,Y0,W0)(CI ). Aut(E0, α0) acts on Def(E0, α0) by
g · (E, α, ψ) = (E, α, g ◦ ψ). If this action is trivial and if there is a local moduli M for (E0, α0),
then we have canonically T(E0,α0)M = Def(E0, α0)(CI [ε]).
Due to [24], Def(E0, α0)(CI [ε]) has a natural structure as complex vector space if the canonical
mapping
Def(E0, α0)(CI [ε]×CI CI [ε]) −→ Def(E0, α0)(CI [ε])× Def(E0, α0)(CI [ε])
is bijective. For λ ∈ CI and mult(λ) : CI [ε]→ CI [ε] defined by x + yε→ x + λyε, we obtain
Def(E0, α0)(mult(λ)) : Def(E0, α0)(CI [ε]) −→ Def(E0, α0)(CI [ε]),
which explains the scalar multiplication. The mapping add : CI [ε] ×CI CI [ε] → CI [ε] defined by
add(x + yε, x + zε) = x + (y + z)ε induces
Def(E0, α0)(add) : Def(E0, α0)(CI [ε]×CI CI [ε]) −→ Def(E0, α0)(CI [ε]).
Under the bijection above we obtain the additive structure on Def(E0, α0)(CI [ε]). The assumed
bijection is a consequence of the following lemma.
Lemma 1.1 Let A′ → A be a small extension of Artin rings. Then for any morphism B → A of
Artin rings and for B′ = B×A A′ the canonical mapping
Def(E0, α0)(B
′) −→ Def(E0, α0)(A
′)×Def(E0,α0)(A) Def(E0, α0)(B)
is bijective.
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Proof: We recall that an Artin ring is a local CI -algebra of finite dimension. A small extension
A′ → A is given, if there is an element t ∈ A′, such that A = A′/tA′ and t ·mA′ = 0. Through the
whole paper, mR means the maximal ideal of the local ring R.
An element in Def(E0, α0)(A
′)×Def(E0,α0)(A) Def(E0, α0)(B) is given by a pair ((E
′, α′) , (F, β))
with (E′, α′) ∈ Def(E0, α0)(A′) and (F, β) ∈ Def(E0, α0)(B), such that we have E′⊗A′A = F⊗B = E
and α′⊗1A = β⊗1A = α, where (E, α) ∈ Def(E0, α0)(A). With A
′ → A small also B′ = B×AA
′ →
B is a small extension. Moreover there is an element t′ ∈ B′, such that B = B′/t′B′, t′ ·mB′ = 0
and B′ → A′ induces t′B′ ∼= tA′.
By taking F′ = E′ ×E F we obtain a commutative diagramm
0 → E0
t
−→ E′
p
−→ E → 0x= xg xf
0 → E0
t′
−→ F′
q
−→ F → 0
with exact lines. Since the induced mappings f¯ : F/mBF→ E/mAE and f¯ : E′/mA′E′ → E/mAE
are isomorphisms and since t : E′/mA′E
′ → tE′ with (x mod mA′E′) → tx is surjective, we have
t′F′ ∼= tE′ ∼= tA′ ⊗A′ E′ ∼= E0 ∼= F/mBF ∼= t′B′ ⊗B′ F′, where the second isomorphism is given by
the A′-flatness of E′. Hence, with F is flat over B also F′ is flat over A′.
By restriction we obtain
0 → W0
t
−−−→ A′ ⊗W0 −−−−−−−−−→ A⊗W0 → 0x= xα′◦g|SpecB′×Y0 x
0 → W0
t′◦α−1
0
−−−→ F′|SpecB′×Y0
β◦q|SpecB′×Y0
−−−−−−−−−→ B⊗W0 → 0
For h the projection A′ ⊗W0 → W0 the lower line splits by h ◦ α‘ ◦ g|Y0 . We consider the
composition β′ = (h ◦ α′ ◦ g|SpecB′×Y0) ⊕ (β ◦ q|SpecB′×Y0) : F
′|SpecB′×Y0 ∼= B
′ ⊗W0 and obtain
(F′, β) as an element in Def(E0, α0)(B
′). The restriction of F′ to SpecB×X0 yields F, the pullback
of F′ to SpecA′ × X0 yields E′ and both is compatible with the framings. Thus the mapping
((E′, α′), (F, β))→ (F′, β′) is the inverse to
Def(E0, α0)(B
′) −→ Def(E0, α0)(A
′)×Def(E0,α0)(A) Def(E0, α0)(B). ✷
1.3 Deformations and extensions
Theorem 1.2 Let (E0, α0) ∈ M(X0,Y0,W0)(CI ). There is a canonical isomorphism
Ext1X0
(
E0,E0 ⊗OX0 JY0|X0
)
= Def (E0, α0) (CI [ε]).
Proof: For X = SpecCI [ε]×X0 we have OX = OX0 ⊕ εOX0 . For (E, α, ψ) ∈ Def (E0, α0) (CI [ε])
the exact sequence 0→ εE→ E→ E/εE→ 0 yields therefore an element
(e) =
(
0→ E0
i
−→ E
p
−→ E0 → 0
)
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in Ext1X0 (E0,E0), where we have used ψ : E/εE
∼= E0 and CI [ε] /εCI [ε] ∼= εCI [ε]. By restriction to
Y0 we obtain a commutative diagram with exact lines:
0 → E0|Y0 −→ E|Y0 −→ E0|Y0 → 0
(d)
yα0 yα yα0
0 → W0 −→ W0 ⊕ εW0 −→ W0 → 0
We note that (e) ∈ ker
(
Ext1X0 (E0,E0)→ Ext
1
Y0
(E0|Y0 ,E0|Y0)
)
. Conversely, the pair ((e),(d))
determines the deformation (E, α, ψ) by defining the multiplication of a local section x ∈ E with ε
by εx = (i ◦ p) (x).
Now we desribe a canonical map ν from Ext1X0
(
E0,E0 ⊗OX0 JY0|X0
)
to Def (E0, α0) (CI [ε]). Let
(f) =
(
0→ E0 ⊗OX0 JY0|X0
i
−→ F −→ E0 → 0
)
. For j the embedding E0 ⊗OX0 JY0|X0
j
→֒ E0 the
fibre sum of i and j
0 → E0 ⊗OX0 JY0|X0
i
−→ F −→ E0 → 0yj y y
0 → E0 −→ E = F ∐E0⊗JY0|X0 E0 −→ E0 → 0
defines an element (e) = (0 → E0 → E → E0 → 0) in Ext1X0 (E0,E0). In particular we have
E = F∐E0⊗JY0|X0 E0 = (F⊕ E0) /N, where N is the subsheaf consisting of all pairs (x,y) such that
there is a z ∈ E0 ⊗ JY0|X0 with i(z)=y and j(z)=x. Thus we have
E|Y0 = E/JY0|X0E = (F⊕ E0)/
(
N+ (JY0|X0F⊕ JY0|X0E0)
)
and together with N + JY0|X0E0 = i
(
JY0|X0E0
)
⊕ JY0|X0E0 we obtain the composition
E|Y0 =
(
F
/
i
(
JY0|X0E0
)
+ JY0|X0F
)
⊕
(
E0
/
JY0|X0E0
)
∼=
((
F/i
(
JY0|X0E0
))/
JY0|X0
(
F/i
(
JY0|X0E0
)))
⊕
(
E0
/
JY0|X0E0
)
∼=
(
E0
/
JY0|X0E0
)
⊕
(
E0
/
JY0|X0E0
)
∼= E0|Y0 ⊕ E0|Y0
∼=−−−−→
(α0,εα0)
W0 ⊕ εW0,
which yields a framing α : E|Y0 ∼= W0 ⊕ εW0 in a canonical way, whence we have found our map
by taking ν (f) = (E, α).
To find the inverse map of ν, we associate for a given (E, α)∈Def(E0, α0) (CI [ε]) a pair ((e),(d))
with (e) ∈ Ext1X0 (E0, α0) as described above and denote with q the composition
E→ E|Y0
α
−→W0 ⊕ εW0
2nd projection
−−−−−−−−−→ εW0 ∼= W0.
By defining F = ker(q) we obtain JY0|X0E0
∼= E0 ×E F and moreover, the map JY0|X0E0 → F
given by the fibre product is injective and its cokernel is isomorphic to E0. Thus we have obtained
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an element (f) =
(
0→ JY0|X0E0 → F→ E0 → 0
)
in Ext1X0
(
E0,JY0|X0E0
)
and a commutative
diagram
0 0
↓ ↓
0 → JY0|X0E0 −→ F −→ E0 → 0y y y=
0 → E0 −→ E −→ E0 → 0y yq
E0|Y0
α0−→ W0
↓ ↓
0 0
with exact lines and columns, from where we see that ν(f) = (E, α) and hence ν is a canonical
bijection.
It is not hard but some writing to describe the linear structure of Def(E0, α0)(CI [ε]) in terms of
((e), (d)). From there it is obvious that ν is linear, too. ✷
1.4 Smoothness of the deformation functor
As in [24] or [2], the functor Def(E0, α0) is called formally smooth, if for every small extension
R→ R/tR = R¯ of Artin rings (i.e. t ∈ R with t·mR = 0) the induced mapping from Def(E0, α0)(R)
to Def(E0, α0)(R¯) is surjective. In the following we fix an arbitrary small extension R→ R/tR = R¯
of Artin rings and define spaces X = SpecR × X0, Y = SpecR × Y0, X¯ = SpecR¯ × X0 and
Y¯ = SpecR¯ × Y0. With W and W¯ we denote the pullbacks of W0 to Y and Y¯, respectively. The
assertion shown by the next Proposition is known as T1-lifting property.
Proposition 1.3 Let (E, α) ∈ Def(E0, α0)(R) and (E¯, α¯) ∈ Def(E0, α0)(R¯). We may think of
both as framed vector bundles to the framing data (X,Y,W) and (X¯, Y¯, W¯), respectively. If
Ext2X0(E0,JY0|X0 ⊗ E0) = 0, then the natural homomorphism between the deformation-theoretical
tangent spaces Def(E, α)(CI [ε])→ Def(E¯, α¯)(CI [ε]) is surjective.
Proof: With E flat over X and deformation of E0 we have tE = tR ⊗ E ∼= E/mRE = E0 and
therefore a short exact sequence
0→ E0
t
−→ E −→ E¯→ 0.
With E¯ flat over X0 and JY|X = JY0|X0 ⊗OX we also have
0→ JY|X ⊗ E0
t
−→ JY|X ⊗ E −→ JY|X ⊗ E¯→ 0.
On framed instanton bundles 8
As part of the long Ext-sequence we obtain
Ext1X(E,JY|X ⊗ E) −→ Ext
1
X¯(E¯,JY¯|X¯ ⊗ E¯) −→ Ext
2
X0(E0,JY0|X0 ⊗ E0),
where Ext1X(E,JY|X⊗ E¯) = Ext
1
X¯
(E¯,JY¯|X¯⊗ E¯) and Ext
2
X(E,JY|X⊗E0) = Ext
2
X0
(E0,JY0|X0 ⊗E0)
were used. The first homomorphism of the last exact sequence coincides with Def(E, α)(CI [ε]) →
Def(E¯, α¯)(CI [ε]) by Theorem 1.2 and we are done. ✷
Theorem 1.4 If dimCIExt
1
X0
(E0,JY0|X0E0) <∞ and Ext
2
X0
(E0,JY0|X0E0) = 0, then Def(E0, α0)
is formally smooth.
Proof: Because of Lemma 1.1 and since the dimension of Ext1X0(E0,JY0|X0E0) is finite, the
functor Def(E0, α0) is prorepresentable by the criterion of Schlessinger [24]. The T
1-lifting property
holds by Proposition 1.3 and the application of the Kawamata-Ran principle ([15], Theorem 1)
yields our assertion. ✷
Remark. D. Huybrechts and M. Lehn consider in [13] a framed module over an algebraic
nonsingular projective variety X0 given by a coherent OX-module E0 and a nonzero morphism
from E0 to a fixed coherent OX-module D0. They introduce a notion of stability in this situation
and describe the deformation-theoretical tangent space of a stable framed module (E0,E0 → D0)
as IExt1(E0,E0 → D0) and the obstructions for smoothness as living in IExt2(E0,E0 → D0). Here
we think of a sheaf as a complex of sheaves concentrated in zero and of a morphism of sheaves as
a complex of sheaves concentrated in zero and one. From the short exact sequence of complexes
0→ (JY0|X0E0 → 0)→ (E0 → E0|Y0)→ (E0|Y0 → E0|Y0)→ 0
we obtain the long hyperext-sequence
. . .→ IExti−1(E0,E0|Y0 → E0|Y0)→ IExt
i(E0,JY0|X0E0))→
IExti(E0,E0 → E0|Y0)→ IExt
i(E0,E0|Y0 → E0|Y0)→ . . .
Since Hom•(E0, (E0|Y0 → E0|Y0)) is the exact complex Hom(E0,E0|Y0) → Hom(E0,E0|Y0) we
have IExti(E0,E0|Y0 → E0|Y0) = H
i(IR+Hom•(E0, (E0|Y0 → E0|Y0))) = 0 (cf. [10],§1.6). With
IExti(E0,JY0|X0E0)) = Ext
i(E0,JY0|X0E0)) the results above correspond to the results in [13] in
the smooth projective and stable case.
2 Framed instanton bundles
2.1 The restriction M(P,F,Or
F
)→M(S,F,Or
F
)
Let X0, Y0, W0 andM(X0,Y0,W0) be as in section 1.1. Then the framing data (X0,Y0,W0) are
called simplifying, if for any two representatives (E1, α1), (E2, α2) of elements inM(X0,Y0,W0)(CI )
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we have H0(X0,Hom(E1,E2) ⊗ JY0|X0) = 0. This definition of simplifying is analogous to the
definition in [21] or [22].
We consider now a twistor fibration π : P→ M with M compact and S ⊂ P a surface of degree
1 on the twistor fibres containing a unique twistor fibre F = S · S¯ ⊂ S as in the introduction.
Moreover we fix some integer r > 0.
Lemma 2.1 The framing data (S,F,OrF) are simplifying.
Proof: Consider (E1, α1), (E2, α2) ∈ M(S,F,OrF)(CI ) and let s be in H
0(S,Hom(E1,E2)(−F)). If
H denotes the Douady space of lines on S, then there is an open neighbourhood F ∈ U in H, such
that E1 and E2 and hence Hom(E1,E2) are trivial along all lines L ∈ U and moreover (F · L) = 1.
Since s is a global section of Hom(E1,E2) vanishing along F, for all L ∈ U we have s|L as global
section of a trivial vector bundle over a line vanishing in one point and therefore s|L = 0. Thus
s vanishes on an open subset of S and with S irreducible we obtain, that s vanishes everywhere,
which proves our claim. ✷
Lemma 2.2 If W is a vector bundle on S with W|F ∼= OrF, then the framing data (P, S,W) are
simplifying.
Proof: Consider (E1, α1), (E2, α2) ∈ M(P, S,W)(CI ), s ∈ H
0(P,Hom(E1,E2)(−S)) and let now H
denotes the Douady space of lines on P. We find an open neighbourhood F ∈ U in H, such that
Hom(E1,E2) is trivial along all lines L ∈ U and moreover (S · L) = 1. Since s vanishes along S, it
vanishes also along all L in U, therefore on an open subset of P and therefore everywhere. ✷
Finally we also state
Lemma 2.3 The framing data (P,F,OrF) are simplifying.
Proof: Let (E1, α1), (E2, α2) ∈ M(S,F,OrF)(CI ) and s ∈ H
0(P,Hom(E1,E2) ⊗ JF|P). Then by
lemma 2.1 s vanishes along S and thus everywhere on P by lemma 2.2. ✷
Remark: If the framing data (X0,Y0,W0) are simplifying, then we have for all elements (E, α)
in M(X0,Y0,W0)(CI ) in particular Aut((E, α)) = {idE}. Because, for s ∈ Aut((E, α)) we have
s|Y0 = idE|Y0 and therefore s− idE ∈ H
0(X0,Hom(E,E)⊗ JY0|X0) = 0. Since by [23] F intersects
every effective divisor on P positively, every morphism of framed vector bundles to the framing
data (P,F,OrF) is an isomorphism and moreover there is at most one morphism between two such
framed vector bundles.
Proposition 2.4 For M(P,F,OrF) → M(S,F,O
r
F) the natural transformation given by restric-
tion, the fibre over a point (W, σ) ∈M(S,F,OrF)(CI ) is naturally equivalent to M(P, S,W).
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Proof: Let X be some analytic space and V1 and V2 two vector bundles on the space X× P with
V1|X×F ∼= V2|X×F ∼= OrX×F. The exactness of
H0(S,Hom(V1|S,V2|S)(−X× F))→ Hom(V1|X×S,V2|X×S)→ Hom(V1|X×F,V2|X×F)
and lemma 2.1 yield the injectivity of
Hom(V1|X×S,V2|X×S)→ Hom(V1|X×F,V2|X×F),
a fact which will be denoted with (∗) in the following.
For W a vector bundle on S and σ : W|F ∼= OrF we consider the natural transformation
M(P, S,W)→M(P,F,OrF) given by restriction of the framing map. I.e. if (V, α) is an element in
M(P, S,W)(X), then (V, α) is associated to the element (V, (p∗Fσ)◦ (α|X×F)), where the morphism
pF : X× F→ F is the projection and p
∗
Fσ : p
∗
FW
∼= OrX×F is the pullback. If (V1, α1) and (V2, α2)
are in M(P, S,W)(X), such that there is an isomorphism of framed vector bundles
ϕ : (V1, (p
∗
Fσ) ◦ (α1|X×F))
∼= (V2, (p
∗
Fσ) ◦ (α2|X×F)),
i.e. with (p∗Fσ) ◦ (α2|X×F) ◦ (ϕ|X×F) = (p
∗
Fσ) ◦ (α1|X×F), then (∗) implies, that ϕ|X×S = α
−1
2 ◦ α1
and therefore (V1, α1) ∼= (V2, α2). Thus M(P, S,W)(X)→M(P,F,O
r
F)(X) is injective.
Now we consider an element (V, α) ∈ M(P,F,OrF)(X), such that there is an isomorphism of
framed vector bundles ϕ : (V|X×S, α) ∼= (p∗SW, p
∗
Fσ) with pS : X× S→ S the projection. With (∗)
and with (p∗Fσ) ◦ (ϕ|X×F) = α, ϕ is well defined by (p
∗
Fσ)
−1 ◦ α ∈ Hom(V|X×F, p∗FW) and hence
(V, α) uniquely determines an element (V, ϕ) ∈ M(P, S,W)(X). Conversely, the image of (V, ϕ)
in M(P,F,OrF)(X) is again (V, α), hence the natural transformation M(P, S,W)→M(P,F,O
r
F)
induces a bijection between M(P, S,W)(X) and the fibre of M(P,F,OrF)(X) → M(S,F,O
r
F)(X)
over (p∗SW, p
∗
Fσ).
These bijections correspond actually to a natural equivalence betweenM(P, S,W) and the fibre
of M(P,F,OrF) → M(S,F,O
r
F) over (W, σ). So far everything was natural except the choice of
(W, σ) as a representative of an element in M(S,F,OrF)(CI ). If (W
′, σ′) is another representative
of the same isomorphism class, then there is an isomorphism ψ : W′ → W with σ ◦ ψ|F = σ.
Because of (∗) this isomorphism is unique and therefore there is a unique natural equivalence from
M(P, S,W′) to M(P, S,W), which moreover maps the fibre of M(P,F,OrF) →M(S,F,O
r
F) over
(W, σ) identically to itself. ✷
Since Chern classes are locally constant, the functors of families of framed vector bundles
M(P,F,OrF), M(S,F,O
r
F) and M(P, S,W) as above split into open and closed subfunctors
M(P,F,OrF, c•),M(S,F,O
r
F, c•) andM(P, S,W, c•), where c• are fixed Chern classes in H
•(P,ZZ)
and H•(S,ZZ), respectively. In particular, our restriction M(P,F,OrF) → M(S,F,O
r
F) splits into
open and closed parts
M(P,F,OrF, c•)→M(S,F,O
r
F, i
∗c•)
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with c• ∈ H•(P,ZZ) and i : S →֒ P. It is easy to see, that the fibre of M(P,F,OrF)→M(S,F,O
r
F)
over an (W, σ) ∈M(S,F,OrF, i
∗c•)(CI ) is justM(P, S,W, c•). Later on, when we restrict ourself to
the case of framed instanton bundles, we only have to consider Cern classes coming from H•(M,ZZ),
i.e. we will consider
M(P,F,OrF, π
∗c•)→M(S,F,O
r
F, π
∗
Sc•),
where c• ∈ H•(M,ZZ) and πS is the restriction of the twistor fibration to S.
The image of our natural transformation has a fine moduli space by the following proposition:
Proposition 2.5 The functor M(S,F,OrF, c•) is represented by a separated algebraic space of
finite type over CI .
Proof: This is a corollary of Satz 3.4.1 in Lehn’s [21]. By [18], Prop. 2.1, S is a smooth
projective surface and by Lemma 2.1 the framing data (S,F,OrF) are simplifying. Therefore it
is sufficient to show, that F is the support of a divisor, which is big and nef. Since the linear
system |F| defines by [18] a blowing up S→ IP2CI , F intersects all lines on S coming from IP
2
CI with
multiplicity 1 and all exceptional lines with multiplicity 0, which implies that F is numerically
effective. The big-condition follows by NF|S ∼= OF(1). ✷
2.2 Smoothness and dimensions
By H. Kurke’s article [18], Prop.2.1, the canonical bundle of P is KP = OP(−2S− 2S¯). Moreover,
H•(P,ZZ) is generated by elements {ω, η1, . . . , ηn} ∈ H2(P,ZZ), where {η1, . . . , ηn} are an orthogonal
basis of H2(M,ZZ). We put η =
∑
ηi. There are the relations η
2
i = −[F], η
3
i = 0, ηiηj = 0 for i 6= j,
ω2 + ωη = [F], ω2ηi = 1, ωη
2
i = −1, c1(P) = 4ω + 2η and c2(P) = 3(e(M)− sgn(M))[F]. We have
[S] = ω +
∑
aiηi with ai = 0 or 1 and from (S · S¯) = F we easily infer [S¯] = ω +
∑
(1 − ai)ηi. We
put σ =
∑
aiηi and σ¯ =
∑
(1 − ai)ηi.
We fix a Chern class c• ∈ H
•(M,ZZ) and consider a vector bundle V on P of rank r with
c•(V) = π
∗c•.
Lemma 2.6 We have the equality of Euler characteristics: χ(End(V)(−S)) = χ(End(V)(−S¯)).
Proof: By [11], Theorem 4.4.3 we have
c1(EndV) = c3(EndV) = 0 and c2(EndV) = 2rc2(V) + (1− r)c
2
1(V).
Since the Chern classes of V are coming from H•(M,ZZ), we have c2(EndV) as a multiple of [F].
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From the same theorem we obtain by computation that
c1(End(V)(−S)) = r(ω + σ),
c2(End(V)(−S)) = c2(EndV) +
(
r
2
)
(ω2 + 2ωσ + σ2),
c3(End(V)(−S)) = (r− 2)c2(EndV)(ω + σ) +
(
r
3
)
(ω3 + 3ω2σ + 3ωσ2),
c1(End(V)(−S¯)) = r(ω + σ¯),
c2(End(V)(−S¯)) = c2(EndV) +
(
r
2
)
(ω2 + 2ωσ¯ + σ¯2),
c3(End(V)(−S¯)) = (r− 2)c2(EndV)(ω + σ¯) +
(
r
3
)
(ω3 + 3ω2σ¯ + 3ωσ¯2),
.
The Hirzebruch-Riemann-Roch theorem yields
χ(End(V)(−S)) =
r
24
c1(P)c2(P) +
rω + rσ
12
(16ω2 + 4η2 + 16ωη + 3(e(M)− sgn(M))[F])
+
2ω + η
2
(
r2ω2 + r2σ2 + 2r2ωσ − 2c2(EndV)− (r
2 − r)(ω2 + σ2 + 2ωσ)
)
+
r3
6
(ω3 + 3ω2σ + 3ωσ2)−
rω + rσ
2
(c2(EndV) +
r2 − r
2
(ω2 + σ2 + 2ωσ))
+
r− 2
6
c2(EndV)(ω + σ) +
r3 − 3r2 + 2r
36
(ω3 + 3ω2σ + 3ωσ2)
and the analogous formula for χ(End(V)(−S¯)), where just all σ’s are replaced by σ¯. Thus we obtain
χ(End(V)(−S))− χ(End(V)(−S¯)) =
ω(σ2 − σ¯2)(76 r +
1
2 r
2 − 16 r
3) + ω2(σ − σ¯)(136 r +
1
2 r
2 − 16 r
3) + ωη(σ − σ¯)r,
where we have used
(σ − σ¯)η2 = (σ2 − σ¯2)η = (σ − σ¯)[F] = (σ − σ¯)c2(EndV) = (σ − σ¯)(ω
2 + ωη) = 0.
We had σ =
∑
aiηi and σ¯ =
∑
(1−ai)ηi with ai = 0, 1 and put A =
∑
ai. Thus ω(σ
2−σ¯2) = n−2A
and ω2(σ− σ¯) = 2A−n. With ησ = σ2 and ησ¯ = σ¯2 we also have ωη(σ− σ¯) = ω(σ2− σ¯2) = n−2A.
Inserting all this in the equation above we obtain
χ(End(V)(−S)) − χ(End(V)(−S¯)) = 0, ✷
Due to Hitchin’s article [12] we have for all U(r)−instanton bundles V on P the vanishing
H1(P,V(−S − S¯)) = 0. If V is an U(r)−instanton bundle, then so does EndV and we have also
H1(P, End(V)(−S − S¯)) = 0. We denote with M0(P,F,OrF) the open subfunctor of M(P,F,O
r
F)
with
M0(P,F,O
r
F)(CI ) = {(V, α) ∈ M(P,F,O
r
F)(CI )|H
1(P, End(V)(−S− S¯)) = 0}.
Analogously to our notations in Section 2.1 we put
M0(P,F,O
r
F, c•) =M0(P,F,O
r
F) ∩M(P,F,O
r
F, c•).
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Lemma 2.7 Consider c• ∈ H•(M,ZZ) and (V, α) ∈M0(P,F,OrF, π
∗c•)(CI ).
Then we have dimCIH
i(P, End(V)(−S)) =

 −χ(End(V)(−S)) for i = 10 else.
Proof: By Lemma 2.3 we have
H0(P, End(V)(−S)) = 0.
With Serre duality and with KP = OP(−2S− 2S¯) we obtain
H3(P, End(V)(−S))∨ = H0(P, End(V)(−S− 2S¯)) ⊂ H0(P, End(V)(−S)) = 0.
For E¯ be the exceptional divisor of the blowing up |F| : S¯ → IP2 we have KS¯ = OS¯(−3F + E¯).
With KS¯ = OS¯ ⊗OP(S¯)⊗KP we infer the short exact sequence
0→ End(V)(−S− 2S¯)→ End(V)(−S− S¯)→ End(V|S¯)(−2F + E¯)→ 0.
Since the bundle End(V|S¯) is trivial on general lines of S¯ and E¯ is exceptional, also End(V|S¯)(E¯)
is trivial on general lines and analogously to the proof of Lemma 2.1 we obtain the vanishing
of H0(S¯, End(V|S¯)(−2F + E¯)). Hence, the cohomology sequence of the last short exact sequence
implies an inclusion H1(P, End(V)(−S−2S¯)) →֒ H1(P, End(V)(−S− S¯)) and our presumption gives
us the vanishing H1(P, End(V)(−S − 2S¯)) = 0. Then Serre duality yields
H2(P, End(V)(−S))∨ = H1(P, End(V)(−S − 2S¯)) = 0. ✷
By Theorem 1.4 the last lemma gives us:
Corollary 2.8 Around every closed point (V, α) ∈M0(P,F,OrF, π
∗c•)(CI ), the fibres of the natural
transformation
M0(P,F,O
r
F, π
∗c•)→M(S,F,O
r
F, π
∗
Sc•)
are smooth and of constant dimension −χ(End(V)(−S)).
Theorem 2.9 The natural transformation
M0(P,F,O
r
F, π
∗c•)→M(S,F,O
r
F, π
∗
Sc•)
is smooth. More detailed we have the tangent space of the functor M0(P,F,OrF, π
∗c•) in a point
(V, α) ∈ M0(P,F,OrF, π
∗c•)(CI ) as a natural direct sum of the tangent space in direction of the
fibre and the tangent space in direction of the image, i.e.
T(V,α)M0(P,F,O
r
F, π
∗c•) = T(V,idV|S)M(P, S,V|S, π
∗c•)⊕ T(V|S,α)M(S,F,O
r
F, π
∗
Sc•).
Both summands are of dimension −χ(End(V)(−S)).
M0(P,F,OrF, π
∗c•) and the fibres overM(S,F,OrF, π
∗
Sc•) are smooth and equidimensional. The
image of the natural transformation inM(S,F,OrF, π
∗
Sc•) is an open and smooth algebraic subspace.
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Proof: The diagram (∗)
0 0y y
OP(−S) = OP(−S)y y
0 −→ OP(−S− S¯) −→ OP(−S)⊕OP(−S¯) −→ JF|P −→ 0y = y y
0 −→ OP(−S− S¯) −→ OP(−S¯) −→ OS(−F) −→ 0y y
0 0
is commutative with exact lines and columns. For (V, α) ∈M0(P,F,OrF, π
∗c•)(CI ) and because of
the vanishing of the neighboured cohomology groups we obtain
0 0
↓ ↓
H1(P, End(V)(−S))
=
−→ H1(P, End(V)(−S))
↓ ↓
H1(P, End(V)(−S))
⊕
H1(P, End(V)(−S¯))
∼=
−→ H1(P, End(V)⊗ JF|P)
↓ ↓
H1(P, End(V)(−S¯))
∼=
−→ H1(S, End(V|S)(−F))
↓ ↓
0 0
as a commutative diagram with exact columns. The second column contains the tangent maps at
(V, α) corresponding to the composition
M(P, S,V|S, π
∗c•) →֒ M0(P,F,O
r
F, π
∗c•)→M(S,F,O
r
F, π
∗
Sc•)
Therefore the natural transformation
M0(P,F,O
r
F, π
∗c•)→M(S,F,O
r
F, π
∗
Sc•)
is submersive and the tangent space ofM0(P,F,O
r
F, π
∗c•) in (V, α) is a natural direct sum of the
tangent spaces in direction of the fibre and in direction of the image.
With Lemma 2.6 we have
h1(End(V)(−S)) = −χ(End(V)(−S)) = −χ(End(V)(−S¯)) = h1(End(V)(−S¯)) = h1(End(V|S)(−F)),
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whence both direct summands are of the same dimension −χ(End(V)(−S)). From (∗) we also
obtain
H2(P, End(V)⊗ JF|P) ∼= H
2(S, End(V|S)(−F))
and
H2(S, End(V|S)(−F)) ∼= H
3(P, End(V)(−S− S¯)).
We have
H3(P, End(V)(−S− S¯))∨ = H0(P, End(V)(−S− S¯)) ⊂ H0(P, End(V)(−S − S¯)) = 0
and hence H2(S, End(V|S)(−F)) = 0 and H2(P, End(V) ⊗ JF|P) = 0, which shows the smoothness
by Theorem 1.4. ✷
2.3 Framed U(r)-instanton bundles
Lemma 2.10 The property of a vector bundle on P to be a mathematical instanton bundle is open.
Proof: Let T be an analytical space and V a vector bundle over T × P. For t ∈ T we denote
with Vt the vector bundle on P induced by V|{t}×P. We assume that for a point 0 ∈ T the vector
bundle V0 is an instanton bundle, i.e. trivial along twistor fibres. We have to show that there is a
neighbourhood 0 ∈ T1 ⊂ T, such that for all t ∈ T1 the vector bundle Vt is an instanton bundle.
We consider the universal family
Z
ν
−→ Pyµ
H
of lines on P as in the introduction. We may restrict H to the open neighbourhood of M consisting
of points, where the corresponding lines have intersection product one with S. We put ν¯ = idT× ν,
µ¯ = idT × µ and W = ν¯∗(V ⊗ OT×P(−T × S)). Recall that µ is a proper and flat morphism
with projective lines as fibres. There are an covering {Uλ0 |λ ∈ some index set} of H of suf-
ficiently small open neighbourhoods and effective divisors Dλ ⊂ µ¯−1(T × Uλ0 ) = U
λ, such that
Ri(µ¯|Uλ)∗(W|Uλ(D
λ)) = 0 for all i > 0 and all λ. We can choose Dλ of the form T × Dλ0 , where
Dλ0 is a sufficiently high multiple of a section over U
λ
0 meeting the fibres of µ transversally. Since
M is compact we may assume that {Uλ0 |λ = 1, . . . , n} already covers M. The short exact sequence
0→W|Uλ →W|Uλ(D
λ)→W|Uλ(D
λ)⊗ODλ → 0
yields the exact sequence
0→ (µ¯|Uλ)∗W|Uλ → (µ¯|Uλ)∗W|Uλ(D
λ)
uλ
−→ (µ¯|Uλ)∗W|Uλ(D
λ)⊗ODλ → R
1(µ¯|Uλ)∗W|Uλ → 0.
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In the following h denotes a point on H as well as the corresponding line on P. If Vt is trivial
along h, then h ∼= IP1CI gives W|µ¯−1(t,h)
∼= OIP1
CI
(−1), since we had assumed (h · S) = 1. Since V0 is
trivial along twistor fibres and since the triviality of a vector bundle on IP1CI is an open property,
there is an open neighbourhood {0} ×M ⊂ B ⊂ T × H, such that for all (t, h) ∈ B the vector
bundle Vt|h is trivial. Inparticular we have for all (t, h) ∈ B
H0(µ¯−1(t, h),W|µ¯−1(t,h)) = H
1(µ¯−1(t, h),W|µ¯−1(t,h)) = 0.
Since µ¯ is flat, W is flat over T×H and base change implies the vanishing of (µ¯|Uλ)∗W|Uλ and
of R1(µ¯|Uλ)∗W|Uλ over B∩ (T×U
λ
0 ). Therefore u
λ is an isomorphism over B∩ (T×Uλ0 ) and hence
det(uλ) is a not constantly zero section of
det
(
((µ¯|Uλ)∗W|Uλ(D
λ))∨⊗ ((µ¯|Uλ)∗W|Uλ(D
λ)⊗ODλ)
)
∼= det
(
((µ¯|Uλ)∗W|Uλ)
∨⊗ R1(µ¯|Uλ)∗W|Uλ
)
.
Moreover, all points (t, h) with Vt|h non-trivial belong to the support of ∆λ = div(det uλ).
For λ = 1, . . . , n there are open neighbourhoods 0 ∈ Tλ0 ⊂ T, such that ∆
λ
t = ∆
λ|{t}×Uλ
0
are
divisors on Uλ0 for all t ∈ T
λ
0 . Thus ∆
λ ⊂ Tλ0 × U
λ
0 are analytic families of divisors on U
λ
0 for
all λ = 1, . . . , n. Since V0 is an instanton bundle we have ∆
λ
0 ⊂ U
λ
0 −M. M is a closed subset
of H and thus there exists open neighbourhoods 0 ∈ Tλ1 ⊂ T
λ
0 , such that for all t ∈ T
λ
1 we have
∆λt ⊂ U
λ
0 −M. We put T1 =
⋂n
λ=1T
λ
1 and obtain that for all t ∈ T1 and for all h ∈ M the vector
bundle Vt|h is trivial. ✷
Warning: Contrarily to the most other parts of this paper, the last lemma does not hold in the
algebraic setup, since M has not to be Zariski-closed.
Remark. Let MI(P,F,OrF) be the functor of families of framed mathematical instanton bundles.
By the previous Lemma we have have MI(P,F,OrF) ⊂ M(P,F,O
r
F) as an analytically open
subfunctor. In particular,
M1(P,F,O
r
F, π
∗c•) =MI(P,F,O
r
F) ∩M0(P,F,O
r
F, π
∗c•)
is an analytically open subfunctor and the natural transformation
M1(P,F,O
r
F, π
∗c•)→M(S,F,O
r
F, π
∗
Sc•)
is smooth of relative dimension −χ(End(V)(−S)) with all the details as in Theorem 2.9.
For T an algebraic space and (V, α) ∈ MI(P,F,OrF)(T) we define σ(V, α) to be the family of
framed instanton bundles ((idT × τ)∗V¯∨, (τ∗α¯∨)−1), where τ is the antiholomorphic involution on
P as in the introduction and the ”bar” means complex conjugation. Thus σ defines a real structure
on MI(P,F,OrF) and the closed fixpoints MI(P,F,O
r
F)(IR) is just the set of isomorphism classes
of framed U(r)− instanton bundles on P.
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To be more specific, we defineMIRI (P,F,O
r
F) as the functor that associates to an algebraic space
T the set of isomorphism classes of families of framed instanton bundles (V, α) on P parametrized
by T, which have the additional property that there exists an isomorphism of framed vector bundles
ϕ : (V, α)→ ((idT × τ)
∗V¯∨, (τ∗α¯∨)−1).
Then σ defines MIRI (P,F,O
r
F) as closed real-analytic subfunctor of MI(P,F,O
r
F).
We haveMIRI (P,F,O
r
F) embedded in M1(P,F,O
r
F) and we can examine the restriction of the
natural transformation described in Section 2.2 to MIRI (P,F,O
r
F).
Theorem 2.11 The natural transformation
MIRI (P,F,O
r
F)→M(S,F,O
r
F)
given by restriction is an open real-analytic embedding.
Proof: We have to show that the restriction is injective for closed points and the associated
tangent maps are isomorphisms.
We denote τ |S and τ |S¯ again with τ and obtain a real structure σ
′ onM(S,F,OrF)×M(S¯,F,O
r
F)
by mapping
((V, α), (W, β)) ∈M(S,F,OrF)(T) ×M(S¯,F,O
r
F)(T)
to (
((idT × τ)
∗W¯∨, (τ∗β¯∨)−1), ((idT × τ)
∗V¯∨, (τ∗α¯∨)−1)
)
.
Hence the natural transformation
Ψ :MI(P,F,O
r
F)→M(S,F,O
r
F)×M(S¯,F,O
r
F)
given by restriction to both factors is real, i.e. compatible with both real structures σ and σ′.
From the diagram (∗) in the proof of Theorem 2.9 we obtained for (V, α) ∈ M0(P,F,OrF)(CI )
the commutative diagram
0 0
↓ ↓
H1(P, End(V)(−S))
=
−→ H1(P, End(V)(−S))
↓ ↓
H1(P, End(V)(−S))
⊕
H1(P, End(V)(−S¯))
∼=
−→ H1(P, End(V)⊗ JF|P)
↓ ↓
H1(P, End(V)(−S¯))
∼=
−→ H1(S, End(V|S)(−F))
↓ ↓
0 0
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with exact columns. We may interchange S and S¯ and make use of the isomorphism
H1(P, End(V)(−S))
∼=
−→ H1(S¯, End(V|S¯)(−F))
to obtain a natural splitting
H1(P, End(V)⊗ JF|P) = H
1(S, End(V|S)(−F))⊕H
1(S¯, End(V|S¯)(−F)),
which is just the tangent map of Ψ at (V, α).
Now we assume that (V, α) and (W, β) are two elements in MI(P,F,O
r
F)(IR), such that
Ψ(V, α) ∼= Ψ(W, β). This means that there are two isomorphisms of framed vector bundles
ϕS : (V|S, α)→ (W|S, β) and ϕS¯ : (V|S¯, α)→ (W|S¯, β), which implies that ϕS|F = β
−1 ◦ α = ϕS¯|F.
Thus we have an isomorphism of framed vector bundles ϕS∪S¯ : (V|S∪S¯, α) → (W|S∪S¯, β). With
V and W U(r)-instanton bundles also Hom(V,W) is an U(r)-instanton bundle and in particular
H1(P,Hom(V,W)(−S− S¯)) = 0. Therefore the restriction map Hom(V,W)→ Hom(V|S∪S¯,W|S∪S¯)
is surjective and we can find a morphism of framed vector bundles ϕ : (V, α)→ (W, β) as extension
of ϕS∪S¯. By Lemma 2.3 ϕ is an isomorphism and hence Ψ injective along MI(P,F,O
r
F)(IR).
Therefore Ψ is an open embedding in an open neighbourhood of MIRI (P,F,O
r
F) and hence we
have a real-analytic open embedding
MIRI (P,F,O
r
F)→ N
IR,
where N IR denotes the closed real-analytic subfunctor of M(S,F,OrF) ×M(S¯,F,O
r
F) defined by
the real structure σ′.
Now we consider the projection
Φ :M(S,F,OrF)×M(S¯,F,O
r
F)→M(S,F,O
r
F)
and notice that Φ induces an isomorphism N IR →M(S,F,OrF) due to the inverse transformation
M(S,F,OrF)(T) −→ N
IR(T) →֒
(
M(S,F,OrF)×M(S¯,F,O
r
F)
)
(T)
(V, α) −→
(
(V, α), ((idT × τ)∗V¯∨, (τ∗α¯∨)−1)
)
.
Thus Φ ◦Ψ defines an open real-analytic embedding
MIRI (P,F,O
r
F)→M(S,F,O
r
F). ✷
The result of N.P. Buchdahl’s article [5] implies that MI(P,F,OrF)(IR) and M(S,F,O
r
F)(CI )
are naturally bijective and we obtain
Corollary 2.12 The natural transformation MIRI (P,F,O
r
F) → M(S,F,O
r
F) given by restriction
is a real-analytic isomorphism. For fixed c• ∈ H•(M,ZZ) the functor MIRI (P,F,O
r
F, π
∗c•) is repre-
sented by a smooth separated algebraic space of finite type over CI .
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